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1 Introduction and Summary 


A double Wick rotation on the string world-sheet was proposed in [T] and now it is 
well known that it is a very useful tool for the study of AdS/CFT correspondence, 
for review see [2]. It is crucial that double Wick rotation has sense in case of the light 
cone gauge hxed string since only in this case the double Wick rotation transforms 
string world-sheet theory non-trivially. In fact, the thermodynamics of this different 
two dimensional quantum held theory gives the solution of the spectral problem of 
AdS/CFT when the spectrum of the string on AdS^ x is computed with the help 
of the thermodynamic Bethe ansatz for this mirror model [3l HI [5l [^ . 

Due to the signihcance of the double Wick rotation one can ask the question 
whether this transformation has more physical meaning. Such a question was hrstly 
posed in |9] and it was shown there that the double Wick rotation on the world-sheet 
of the gauge hxed bosonic string is equivalent to the particular transformation of 
the metric and NS-NS two form. This analysis was then extended to the case of the 
uniform gauge hxed Green-Schwarz superstring in ra where it was shown that the 
double Wick rotation is equivalent to the particular transformation of metric, NS-NS 
two form and dilaton and Ramond-Ramond helds. It was also shown there that these 
transformations can be interpreted from a target space perspective as a combination 
of T dualities and analytic continuition, following A. Tsytlin’s suggestion. 

Due to the fact that the idea that the double Wick rotation could have deeper 
physical meaning is very attractive we applied it for another two dimensional theory 
which is a low energy ehective action for Dl-brane in [11]. In this paper we hrstly 
determined uniform gauge hxed action for Dl-brane in general background. Then 
we applied double Wick rotation for this theory and we found that the double Wick 
rotated action has the same form as the original one when the background gravita¬ 
tional and NS-NS two form helds transform as in [9] while we found that dilaton and 
Ramond-Ramond helds transform diherently. We suggested that this discrepancy 
could be explained by the fact that Dl-brane behaves diherently under T-duality 
transformations but we leaved the detailed analysis of this issue for future. The aim 
of this paper is to answer this question. More precisely, we would like to see how 
suggested combinations of T-dualities and Wick rotation in the target space-time 
can be performed on the world-sheet of the fundamental string and Dl-brane action. 
Due to the fact that the gauge hxing is important for the given procedure and since 
this gauge hxing is performed when we hx one of the components of momenta rather 
than target space coordinate we perform T-duality transformation on the level of 
the Hamiltonian formalism. In fact, the interpretation of T-duality transformation 
as canonical transformation was given in [12] § in case of gauge hxed string action. 
We generalize this analysis to the case of the Nambu-Gotto (NG) action which is 
invariant under two dimensional diheomorphism and we obtain celebrated Buscher’s 
rules for the T-duality transformations of the background metric and NS-NS two 
form held [HI HS] B 

^For review, see m- 

^We would like to stress that given procedure could be equivalently performed with Polyakov 
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Using this result we perform sequence of T-duality transformations and Wick 
rotation in the target space-time and we show that when we impose the uniform 
gauge in the resulting Hamiltonian we obtain that the Hamiltonian for the physical 
degrees of freedom is the same as in case of the double Wick rotated gauge hxed 
theory with an important exception that the sequence of T-duality transformation 
and Wick rotation do not generate a change —>■ where B^^, are components 

of NS-NS two form fields that are transverse to the directions where corresponding T- 
duality and Wick rotations were performed. On the other hand it is well known that 
the transformation B —)■ —B is the symmetry of supergravity equations of motion 
with the absence of RR helds. So that whenever string propagates on background 
with g, B that solves the supergravity equations of motion it can propagates on the 
background with g, —B. So that without lost of consistency we can augment the 
sequence T-duality and Wick rotation with an additional operation B —^ —B. Then 
this extended sequence of operation is equivalent to the double Wick rotation of the 
uniform gauge hxed string theorjfl. 

As the next step we extend this analysis to the case of Dl-brane effective action 
which consists of Dirac-Born-Infeld (DBI) action and Wess-Zummino (WZ) term. 
We hrstly apply the canonical transformations for this theory and we derive how 
the background helds transform. However we should stress that we are able to 
perform such an analysis when we presume that the electric hux is hxed. This is a 
natural requirement since it is well known that the electric hux is proportional to the 
number of the fundamental strings and we would like to compare two actions when 
the number of fundamental strings is the same. We hnd that under this canonical 
transformation the dilation and Ramond-Ramond helds transform diherently than 
we should expect from T-duality rules which has very simple explanation. We argue 
that the hnal action corresponds to the fundamental string action moving in T-dual 
background when however the components of the background helds that appear in 
Buscher’s rules correspond to the S-dual background when we use the equivalence 
of the Dl-brane action (with constant electric hux) and fundamental string action 
in S-dual background [IS] . 

Due to this fact we can now explain the discrepancy that we found in the previous 
paper HU- Explicitly, we perform the sequence of canonical transformations and 
Wick rotation in case of Hamiltonian for Dl-brane. Then we perform the uniform 
gauge hxing and we again hnd that the Hamiltonian for the physical degrees of 
freedom implies the transformation rules for the target space helds that have the 
same form as in case of the double Wick rotation performed on the uniform gauge 
hxed Dl-brane ehective action again with an exception that components of Ramond- 
Ramond two forms that are transverse to the directions of duality transformations 
do not transform. On the other hand we can again argue for the existence of the 

form of the string action. Explicitly, the Hamiltonian has the same form as in case of NG string with 
subtle difference that now the primary constraints are the momenta conjugate to the components of 
the world-sheet metric. Then the requirement of their preservations gives the secondary constraints 
Note that these constraints are the primary constraints of the NG string. 

'^The discussion is more subtle in case of non-zero RR fields and for detailed discussion see [10] . 


2 



symmetry (7^^^ —)■ —B of the solutions of the supergravity equations 

of motion so that we hud exact equivalence between double Wick rotation of the 
uniform gauge hxed Dl-brane action and sequence of ’’canonical transformation- 
target space double Wick rotation-canonical transformation-(C^ —)■ —,B —)■ 

-By. 

Let us outline results derived in given paper. We generalize the canonical de¬ 
scription of T-duality transformations for the string with no gauge fixing imposed. 
Then we show that the sequence of T dualities and Wick rotation in target space- 
time together with the uniform gauge fixing leads to the theory that is equivalent to 
the double Wick rotated gauge fixed theory. On the other hand we show that given 
procedure when applied to Dl-brane action again gives theory that is equivalent 
to the double Wick rotated uniform gauge hxed theory which however cannot be 
interpreted as T-duality transformations. 

This paper is organized as follows. In the next section ([2]) we determine T- 
duality transformations of the background helds as a canonical transformation of the 
Nambu-Gotto action for the fundamental string. In section ([3]) we perform sequence 
of T-duality transformations and Wick rotation in the Hamiltonian formulation of 
given theory and discuss its relation with the double Wick rotated uniform gauge 
hxed action. Section (|1]) is devoted to the generalization of given procedure to the 
case of Dl-brane and hnally in section ([5]) we perform the combinations of T-duality 
transformations and Wick rotation in case of Hamiltonian formulation of Dl-brane 
theory. 


2 T-duality for Fundamental String in Canonical 
Formalism 


We would like to perform the analysis of T-duality as the canonical transformation 
of the NG action, following [12]. We start with the Nambu-Gotto action for the 
fundamental string 


Sng — 


27ia' 


drda 


\/- det g -e^'^BuNdaX^dpx 


N 


( 1 ) 


where gap = GuNdaX^ dpx^ , e’"'^ = —e'’’’" = 1 and where x^, M = 0,... ,d label the 
embedding coordinates of the string. Further, Gmn{x), Bmn{x) are components of 
the background gravitational and NS-NS helds respectively. 

As the hrst step we proceed to the Hamiltonian formulation of the action (ITl) . 
From ([T|) we obtain the conjugate momenta 


Pm 


1 

27ra' 


GMNdaX^g""^ \/- det g 


1 

2'Ka' 


BMivdrrX 


N 


( 2 ) 


If we now dehne Hm = Pm + 2^^MNdaX^ we obtain from ([2|) following primary 
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constraint 


Ur = = 0 

[Zna) 


( 3 ) 


together with the spatial diffeomorphism constraint 

y-a = PndaX^ . 


( 4 ) 


Then it can be shown that the bare Hamiltonian density dehned as Hb = PmQtX^ — 
C vanishes identically and the extended Hamiltonian density is a snm of the primary 
constraints of the theory 

n = KUr + , ( 5 ) 

where A,-, are Lagrange mnltipliers corresponding to the constraints ~ 0 , "Ho- ~ 
0. It can be fnrther shown that are the hrst class constraints that are gen¬ 

erators of two dimensional diffeomorphism of the world-sheet. 

Let us presume that there is a direction in the target space-time that is invariant 
under constant shift 

6^ —)■ 0 -(- e , e = const . (6) 

In other words all background helds do not depend on Q. Our goal is to perform the 
canonical transformation from Q to Q. Let us presume that this generating function 
has the form 

G{Q, 6) = ^ j da{dje - 9dJ) , (7) 

where we presume that 9 has canonical dimension [9\ = length. Let us denote the 
momentum conjugate to 9 as pg. From the dehnition of the canonical transforma¬ 
tions we derive following relations between canonical momenta pe and pg 


Pe 

Pe 


-^ =- 0(^9 

69 ‘2,'xa' 

69 2-Ka' " ■ 


( 8 ) 


Now we obtain canonically dual Hamiltonian when we replace dfj9 with —{2na')pg 
and pq with in and "Ho- given in (|3]) and (jl]). Explicitly, we hnd 

- 2tl^G^^^dJ + + 2B^ePeG^^dJ - 2B^ePeG^^^Be.d^x'^ + 

+ - 2^djG^^Bo,d^x^ + -^Be,d^x^G^<^Be,d^x'' + 

27rQ! 27ra (27rQ;') 

-h {2na')Geepl - 2Gf,edaX^pg + ^ Gf^^daX^dax’' , 

[ZTra j 

Ua = PiidaX^ + PedJ , 

(9) 
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where 


1 




2Tia' 


B 3 


( 10 ) 


fi,iy = 0,2,... ,d . We see from ([9]) that it is very difficult to identify the theory in 
dual picture. To do this it is more instructive to proceed to the Lagrangian formu¬ 
lation of the theory. Explicitly, with the help of (jO]) we derive following relations 

drX>^ = {x>^, H} = 2A,[(27ra')G^''n^ - {2'na')G^^''B,,ePe - + G>^^Be^d^x'^] + X^d^x^^ , 

dj = {^, ^} = 2X,[-{27Ta')U^G^’^B,,e + {2na')B^gG^’^B,,gp^ + B^gG^^dJ - 

- B^gG^^Bg^daX"' + {2'Ka’)GggPg - Gg^d^x''] + X„d„6 . 


Then after some algebra we find 

1 




Pe 


2 (2700;') At 
1 


2 { 2 Tia')XrGgg 


X'' + 2AtV^ + 2{2^a')XrG^^^ B, 

(0 + B^g-X.^ + 2XrG^gd^X^) 


( 12 ) 


where 


X'' = - X^d^x>^ 


0 = drO — X^d„9 . (13) 

In order to express 11^ from (IT^ we have to find the inverse matrix to G^'^. Recall 
that by definition 


GmnG^^=5 




G /~tNv _ ^ /^pN I /^ 9 u _ ri. 

uM^ — + c^ue^ — 0,, 


’'MN'^ — Oj^ , Ct^mCt — (Jpp(J -I- (Jfj,g<^ 


(14) 


and hence we see that G^^ is not inverse to G^’^. It turns out that given matrix has 
the form 

G^gGyg 


h — C' 

^ in' 


G, 


ee 


(15) 


as can be easily seen from (1T4|1 


G, 


dv 


G, 


ee 


Then we obtain 


- V(X" + 2AtV" + 2{2^a')XrG''PBpgp^) 


2(27ra')AT 

and after some algebra we find the Lagrangian for dual theory in the form 

C = PgdrO p^d„x^ - Xr'Hr “ X^BL^ = 

{Qtt ^^aQra H” ^aScra^ ^_ ,^tQo 


(16) 

( 17 ) 


4(27rQ;')A. 
1 


2700' 


2'Ka' 


drX^B^^d^x’' - ^^^dr 9 Bg^daX^ - j^^drX^^B^gd ^9 , 


2700' 


Oii^ 


27oo' 


Ii6^ 


(18) 


( 11 ) 
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where 


Son = GjjdafidiiB + GjJiaBdjix'' + G^jdaX^dfO + G^Ax'‘dfx'' , 


(19) 


and where we defined T-dnal components of the metric and NS-NS two form 




hfjiu + 

B^u + 


BfxoB^e 

Gee 

BfxdGeu 


> G^e - Gg^ 
G^eBoy 


Gee 


B 


^6 




ee 


) Gfje — 


G, 


ee 


Be^i — B^q — 


Gog, 

Gee 


( 20 ) 


that coincide with Buscher’s transformations OlIS]. In order to have more familiar 
form of the Lagrangian density we solve the equations of motion for A,- and A^- that 
follow from flT8|l . Explicitly, the equation of motion for A(j has the form 


Qtu ^(tQctcx 0 


( 21 ) 


while the equation of motion for takes the form 

“ + ‘^^adra + ^a9(Ta] + Qaa = 0 ( 22 ) 

that together with fl2T|) implies 


A. 


9ra 9rT9o-a 

‘^9crcr 


(23) 


Inserting these expressions into the Lagrangian density flTSl) we obtain the final 
result 

^ = (24) 

that is the Lagrangian density for Nambu-Gotto string in T-dual background. 


3 T-duality and Double Wick rotation 

We have shown in the previous section that canonical transformation in the Hamilto¬ 
nian formulation of NG string gives the action for the string in T-dual background. 
Using this result we focus in this section on the relation between T-duality and 
double Wick rotation. We presume that the background has the form niEiin] 

= GMNdx^dx^ = Gudt^ + Gy,y,dip‘^ -I- G^ydx^dx'^ , 

B = BMNdX^dX^ = B^^dx^dx'' , 

(25) 
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where /i, u denote the transverse directions. Following [Hi we introduce light cone 
coordinates 

x~ = (p — t , x"*" = (1 — a)t + atp (26) 

with inverse relations 


t = x~^ — ax , = x"*" + (1 — a)x . (27) 

Then corresponding metric components have the form 

(7_|__|_ = , G — = GttQ^-\-{^—a)‘^G^p^p , G_|— = —aGtf + (l—a)G<^<^ (28) 

with inverse 

Gtt<i^ T (1 ~ o.Y'Gipip 


G++ = 


G'+- = 


GuGtpt^ 

aGft ~ (1 ~ a)G, 


G— = 


Gtt + Gipip 
GttG^pip 


w 


GttGipip 


(29) 


In the light cone coordinates the Hamiltonian and diffeomorphism constraints have 
the form 

Tir = {27Ta')p+G~^^p+ + 2(2TTa')p+G^~ p_ + (27rQ;')p_G p_ + 

-[G++{d„x~^Y + 2G+_d„x~^d^x~ + G _ {d^x~Y] + , 


27ra' 

^ P+d^X'^ +P-daX~ +p^daX>‘ 


(30) 


where 


Mi = (27ra')n^G'“'n„ + ■^^Gf,Ax'‘8^x'' , U^ = p^ + 


(31) 


Now we are ready to study the relation between T-duality and double Wick rotation. 
Let us presume that the background does not depend on x~. Our goal is to perform 
the canonical transformation from x~ to where, following discussion presented in 
previous section, the generating function has the form 


G{6, ijj) = J da{daX ^ - x . 

Let us denote the momentum conjugate to as p^. Then we obtain 


(32) 


Pp 


2'Ka' 


d„x , p- = 


27rQ;' 


da'il^ 


( 33 ) 
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so that we obtain T-dual Hamiltonian when we replace d^x with —{2ti a')p^ and 
p_ with hence 

Ur = (27ra')p+G++p+ - 2p+G+"a^^ + {G++{d^x'^f+ 

- 4:TraG+-daX^p^ + {27rafG — {ppf) + 'Hx , 

Ha = p+d^x"^ + p^d„ii + p^,d„x^ . 

(34) 

Then following [9] we perform analytic continuation in the target space-time 

(x+,'0) ^ , (p+,pp) ^ {-ippGv+) ■ (35) 

so that we obtain 

iir = -{2'Ka')p^G^"^p^+ 2p^G"^~d„x'^ - -^G~~{d„x'^f + 

2‘na 

+ (^-G^+ida-ipf + A7ra'G+-d^'ijjp+ - (27ra')^G__(p+)^j -h Ux , 

ii„ = p+d„x'^ -t- Ppd^'ip -t- Pixd^x^ . 

(36) 

Note that the way how the conjugate momenta p+,p^ transform under the analytic 
continuation is given by the requirement that all terms in 'Ha come with -|- sign since 
we demand that the string theory is invariant under world-sheet diffeomorphism and 
hence Wick rotated Ha should have the same form as the original one. 

Finally we perform T-duality transformation along -0 direction that gives 

so that we obtain the hnal form of the Hamiltonian and diffeomorphism constraints 

A = -^{da^rG++-^da^G+-daX+-^G-{daX+y + 

27ra' 27ra' 2na' 

+ (27ra') (^-G++pJ - 2G+_p^p+ - G__{p+f^ + Hx , 

'Ha = P+daX^ + P^pdaij + P^daX^ . 

(38) 


In order to hnd the Hamiltonian for the physical degrees of freedom we have to hx 
the gauge. It turns out that it is natural to use uniform gauge hxing 


n 


2'Ka' ’ 


X = T . 


(39) 


Then from Ha = 0 we hnd 


d„<l> = -(2na'){p^d„x^) 


( 40 ) 













and hence the Hamiltonian constraint is equal to 

iir = - 2G+_p+ - {2'Ka')p+G__p+ + 1-1^ = Q . 

zTra 

(41) 

Note that due to the gauge hxing the constraints "Ho- vanish strongly and hence 
fl4T]) serves as the quadratic equation for In fact, —should be identihed as 
the Hamiltonian density for the physical degrees of freedom after gauge hxing. 

Now we would like to compare the equation fHTj) with the equation that dehnes 
the Hamiltonian density for the physical degrees of freedom for of the uniform gauge 
hxed string. Note that this gauge is imposed in the Hamiltonian formulation of the 
string we identify p_ = Equivalently we can impose given gauge in T-dual 

theory when we identify with a [16]. This construction has an advantage since 
it does not require to go to the Hamiltonian formulation of given theory which 
could be extremely difficult in case of Green-Schwarz action. However in our case 
we can either choose the Hamiltonian constraint fl3UI) and impose the gauge p_ = 
= r or use T-dual Hamiltonian constraint fl3T|) with the following gauge 
hxing functions 

pj = a ,x'^ = T . (42) 

We choose the second possibility and using (142]) in we obtain p^ = —{d^x^^p^) 
that together with (142p implies that (1341) has the form 

Kr = (27rQ!')p+G++p+ - 2 p+G+“ 7 ;^—:G (27ra')G'— {p^d^x^Y + 'Hx = ^ ■ 

2'Ka 

(43) 

This is quadratic equation for Comparing (1431) with (14Tp we see that they have 
the same form when we dehne metric components 

G++ = -G.- , G— = -G++ , G+- = G+_ . (44) 

In other words, the sequence of T-dualities and analytic continuation in target space- 
time implies the transformation of the components of the target metric that has the 
same form as the double Wick rotation in the uniform gauge hxed bosonic string 
[^. On the other hand we also see that components of NS-NS two form that are 
transverse to the directions where these dualities were performed do not transform. 
At this place we see the diherence with the double Wick rotation of the gauge hxed 
action |9] since in this case these components change the sign. In order to resolve 
this issue we can extend the sequence of T-duality transformation and Wick rotation 
with an additional transformation B —)■ —B since as we argued in the introduction 
whenever the background held B is solution of the supergravity equations of motion 
so —B is too. In other words we have the equivalence between world-sheet double 
Wick rotation and the sequence: ” T-duality-target space Wick rotation-T-duality- 
B -B. 
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4 Dl-brane and Duality Transformation 


In this section we apply the same ideas to the case of DBI and WZ action for 
Dl-brane. Let us start with Dl-brane action 


^ = -Tdi 

+ Tdi 


drdae ^\J- + hap + (27ra')Fa/3) -1- 

J dTd/T[&'^\br^ + (27ra')F^^) + , 


(45) 


where 


ga0 = GMNdaX^d^x^ , b^/s = BuNdaX^dfiX^ , cf} = C^^j^drX^d„x^ , (46) 

and where x^{T,a) are embedding coordinates for Dl-brane in given background. 
Further, Fap = d^Ap — dj^A^ is the held strength of the world-volume gauge held 
Aa, a = T,a. Finally Tdi is Dl-brane tension Tdi = 2 ^- 

Before we proceed to the Hamiltonian formulation of the action (l45|l it is useful 
to use following formula 

det (£?„/3 ba 0 + { 2 na')Fa 0 ) = det {bra + {27ra')Fraf (47) 

we hnd momenta 


that holds in two dimensions only. Then from the action 
conjugate to x^,Aa and Ar respectively 

PM = Tdi ^ ={GMNdaX^g^^detg+ 

y- det^f - {{27Ta')Fra + braV 

+ {{2na')Fra + bra)BMNdaX^) + Tdi{G^^^ BuNdaX^ + G^^N^^fX 


N\ 


TT = 


e- To,{2ra'){{2ra')F„ + b„) , ^ o . 

det g - {{27ra')Fra + braY 


Using these relations we hnd that the bare Hamiltonian is equal to 

Hb = J da{pMdrX^ -I- n'^drA^ — C) = J dan'^daAr 

while we have three primary constraints 


(48) 


(49) 


TLa = PndaX 0 , TT^ 0 , 

Ur = {2na')IiMG^^nM + 7^ (e""'*’ + (vr'^ - C®)') GuNdaX^OaX^ , 


where 


Um = Pm — 


2'Ka' 


zBmnO^x^ - d—.ci^d^x^ 


(50) 


2Tia' 


27ra' 




(51) 
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and where we used the fact that Tqi = According to the standard treatment 
of the constraint systems we introduce the extended Hamiltonian with all primary 
constraints included 

= y da{\r'Hr + Ao-'Hcr — , (52) 

where and Vr are Lagrange multipliers corresponding to the constraints 
and tt"^. 

Now the requirement of the preservation of the primary constraint vr’’ ~ 0 implies 
the secondary constraint 

g = d^TT^ ^ 0 . (53) 

Then it can be shown that Hr, Ha are the hrst class constraints, for details, see ini- 
Now we can formally proceed to the discussion of the canonical transformation 
as in the case of fundamental string. Let ns presume that there is a direction that 
is invariant under constant shift 


0 ^ 6 + e , e = const . 

Then we again consider the generating function into the form 

G(e,9) = ^ [daidaOe - eda~e) 

Ana J 

that implies the relation between momenta pg and Pg respectively 


Pe 



Pe 



(54) 


(56) 


(56) 


Then we obtain dual Hamiltonian when we replace daO with —{2'n'a')pg and pe with 
-^da6 so that 


Hr = {2na')IleG^^Ue + 2{2na')TleG^^^Il^ + (2^a')n^G^''n^ + 

- 2 {e-^^+ {n^-C^^^Y^G^edaX>^Pg + 

+ (27rQ;') + (tt^ - GeePgPe , 

Ha = P^^daX^ + PgdaO . 

(57) 


In order to see how the background helds transform under this duality transforma¬ 
tion we should hnd corresponding Lagrangian. Before we proceed to this question 
we should stress one important point. In principle the electric flux that is given in 
fl57)l is off-shell. However we know that this electric flux is proportional to the num¬ 
ber of the fundamental strings. Our goal is to compare actions where this number is 
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the same so that we consider canonical transformations for Dl-brane theory where 
we hx the gauge symmetry so that tt®" = const. In fact, if were the dynamical 
variable we would get very complicated form of the Lagrangian density due to the 
fact that now the Hamiltonian contains term like 

In order to proceed to the Lagrangian formulation we introduce following nota¬ 
tions 


— 11/^ + -f , 

ft/i = Pa --- BavdaX'^ - d(jX'' , 

+ Y^d,x>^) , X = + (tt'^ - . 

27ra' 

so that we can write l-Lr in fhe form 


(58) 


= (27ra')pg(V^G'^"V, + XG00)pg + 

+ {27ia')fl^G>^'^Ua + Ilf,i-2djG^f^ - 2\,d,x''G^^) + 47r«'n^G^"V,pg + 

+ p-l-2dJG^^Y^ - 2N,d,x''G^^V^ + 2-KG^ed.x^) -t- 

+ ^ {G^\djf - 2V^d„x^G^^djQ + d„x^{y^G^^Na)d.x^ + 

(59) 


and hence we obtain 

dr~e = |0,iL} =47ra%(V^G'^"V, + X)G0,pg + 

+ 47ra'n^G^"V, - 2{dJG^^N, + N„d„x^G^^\^ - XG^.a^x^) + , 

= {x^,E} = 2\{{2^lol)G^''t\^,-{^J^\^^„x'')G^^ ^{2Tiol)G^'^\^p-^^Kd,x^ . 

(60) 

Now from the last equation we get 

ft/. = 7^VX" - ^{d.e + v.a^x") - V^pg , (61) 

ZAt- ijQQ 

where 

w = . ,G’ V <Q + , (62) 

Xr^KJTQQ^. 

and where 0, X^ are defined in ([13]). If we then proceed in the same way as in case 
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of the fundamental string we derive final form of the dual Lagrangian density 

L = drX^Pn + dr9pg — H = 


Tdi {j]tt “1“ ^adcra^ -\- 

4^7- 




, ^(2)x . G^e 


ee ^ee 


G 


+ -^drx^dj 


G, 


ee 


G, 


''T^ I ? 


09 


( 63 ) 


where 

= drX^^ (^ 


GeeX 


d^x^ + -^{djf + -^dJd^x^V^ , 

Uree^ tregA 


Qra = drX^ ( k^u + d^x’' + ^ dJOaO + drOOaX^Yf, + d^OdrX^Yf, , 

(jrflflA CrflflA CrflflA 


<'^11/ I ^ 

5 ^ Q { h + 

i/(7(7 <-^(7-1^ I “T ^ „ 

(jrfl/gA. 


GrgeA OreeA 


(64) 


Finally we eliminate A,-, using corresponding equations of motion 

1 


A. = -|^ , A, = \/~9la- 

9(t(t 


QttQo 


(65) 

Inserting back to the Lagrangian (l6^ we obtain hnal form of the dual Lagrangian 
density 


where 


-Tdi 

^e-2^ + (( 

Tdi ( 

{'XBg^y + G 

n 

^ flU 

_ r< ' 

^ flU 

Gee 

Gee{e~ 

Ge, 

= G^g = - 

Bg,u 

— Bg_y 

0(2) 

'-'tip 

— niX) 

— '-'iiu 


( 66 ) 


G,»G„„ ^ + Gjj>)(’r-S„<. + Gip 


3(2) ^ 


Gee 

1 


G,,(e-2^ + (tt - CG)y) ’ 


(2)^ 


^ee 


(e-24- + (tt - 0(0))2) ^ 


Gg,eBu0 GiyoB^e 

~G, ^ 


ee 


G, 

G. 


ee 


r' ve 'X ^ '-3„0 

^ee ^ee 


(67) 
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We would like to give physical interpretation of given transformation rules. To begin 
with note that Type IIB theory is invariant under SL{2, Z) symmetry 


Gmn 

Bmn 




MN 


T = 


sBmn - rC 


( 2 ) 

MN ! 


pr + q 
rr + s ’ 

G^mn = pGmn — qBmn , 


( 68 ) 


where r = + ie ^ and where ps — qr = 1. Let us presume that tt = — |7r| and 

then choose following values of the parameters p, q, r, s [IS] : 


p = 0,g = -l,r = l,s=|7r 


(69) 


so that we explicitly obtain 


(j{0) 

Gmn 

Bmn 


-t- 

N"! —■!> 

e-^ 

(C(o) -F 1 

7r|)2 

+ ’ (G(0) -f 

TT )2 -|- e“2^ 

V'(c'"i + 

I'xIBmn — 

|7r|)2 -t- e , 

^(2) /^(2) _ D 

'^MN ’ '^MN ~ ^MN ■ 


(70) 


We see that when we combine the square root y/(C®~+~[7r|j^”+”e”^ with i/^^deF^ 
and use flTOll we obtain that the Lagrangian density fl66ll has the form 


where 


9a0 = G^ydaX^dpx'" + G^gdaX^d^e + Gg^djdpx'" + GggdaOdpO , 


and where the background helds Gmn, Bmn 


G;.. = 

A G^eGye 

A 

<^89 

= 

1 

^96 

Bfj,u = 

A G 

^08 

Be^i = 

^^l8- ^ ■ 

^88 


have explicit form 


+ 


B^eB^g 


G, 


ee 


G,e = 


+ 


Gee 
G 1/0 B^e 
Gee ' 


-B 


fi6 


(72) 


(73) 


Now the physical interpretation of the canonical transformation fl5^ on the world- 
volume of Dl-brane is clear. It corresponds to the T-duality rules for the funda¬ 
mental string moving in the S-dual background flTOjl . 
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5 Canonical Transformations and Double Wick 
Rotation on Dl-brane 


In this section we perform the same analysis as in section (|3]) in order to find the 
relation between sequence of canonical transformations and Wick rotation with the 
double Wick rotation on the world-volume of gauge fixed Dl-brane action. We again 
consider the metric and NS-NS two form field in the form fl25p and we introduce 
the light cone coordinates as in fl26l) so that the metric components are given in 
fl28|l and fl2^ . Further, using the relation between light-cone coordinates and the 
original ones we obtain following components of Ramond-Ramond two form 

^(2) ^(2) ^(2) 

'-"H— ~ ^ —h ~ '^tip ) 

^(2) ^ _ ^(2) I ^(2) 

C® = -C® =-c® + (1 - a)CPy 

(74) 


In the light cone coordinates the Hamiltonian and diffeomorphism constraints have 
the form 

Hr = ( 27 ra')n+G'++n+ -f 2 ( 27 ra')n+G'+-n_ + ( 27 ra')n_G—n_ + 

+ 7^ —tX -|- 2G_|— daX~^daX -\- G — {d^x )^) -I- Hx , 

27rQ; 

Ha = P+daX^ + P-daX~ + Pf,daX^ , 

(75) 


where 


Hx = {2na')Ii^G>^''Ii, + ^lLdaX^^G^,daX 

iTTa' 


(76) 


and where X = Note that for simplicity we presume that there 

is no electric flux so that vr'^ = 0. Now we are ready to study the relation between 
sequence of canonical transformation, target space Wick rotation and world-sheet 
double Wick rotation in the same way as in section (|3]). Let us presume that the 
background does not depend on x~ and perform the canonical transformation from 
x~ to 'i/' so we obtain the relation 





P- = 


1 

27ra' 


dai^ 


(77) 
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and hence we find 


n+ = p+- ^c|2a„x'‘+ ci%,, 

n- = + 

n„ = + c^Xi+) + c^^Jp* . 

As the next step we perform analytic continuation 

(a;+,^/>) (#,-ZX+) , (p+,PV’) (-WAP+) 

that implies 

n+ ^ -i(Pt-TDiCf_p+)-^cfld„x'‘, 

n_ ^ ,(a3+- TmC® a,^) - . 

lira 

n„ ^ P^-ToiCfUd^x'' -iTBiC^i!ldJ + iTo,di^lp+ , 


( 78 ) 


(79) 


( 80 ) 


SO that the Hamiltonian and spatial diffeomorphism constraints take the form 
Hr = -(2W)(P^ - + 

+ 2{p^ - TDid"lp+)G^-{d,x^ - TDiG^^ld^'tP) - - TniG^^ldJYG- + 

zTra 

+ 7y^X(-G'++((9^^)^ + Ana'G+_d^'il)p+ - {2na'fG__{p+f + G^^{d„x^d„x'') + 
/Tret' 

+ (V, - - id^ldj + j(2xa')C®p+))G'"' X 

X (Pi. - + '‘(2ra')Cl!‘]p+)) , 

^ '0a„p^ + x"^a„p+ + p^a^px _ 

(81) 


As the third step we perform canonical transformation along ip direction. We denote 
dual coordinate as (p so that we have 


da-ip = -{2Tia’)p^ , p^ = 


271^ 


da p) ■ 


( 82 ) 
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Inserting these relations to 'Hr-i'Ha given above we derive the hnal form of the 
Hamiltonian and diffeomorphism constraints 


Hr = -(27ra')(^a.^ + 
iTia 


(9^0 + (27ra')C'|lp+)G'+ (9„:r+ + (27ra')C'i^jp^) - + (27rQ;')C® + 


27rQ:' 


2'Ka' 


+ (27ra')X(-G++(p^)2 - 2G+-p^p+ - G—{p+f + j^-^G^^{d„x^d„x'')) + 

+ (Pm - + *C'i+P^ + + *C'i-P+) > 

= 5a0P0 + daX^p+ + PfrdaX^ . 


Finally we £x the gange by imposing the constraints 

1 


P4> 


27ra' ’ 


X = T . 


(84) 


Then we obtain that the Hamiltonian for the physical degrees of freedom shonld be 
identified as 

Hfir = -p+ . (85) 

From Ha we obtain da4> = —{27ra')daX^p^. Further we see that in order to have real 

f2) (2) 

Hamiltonian we have to demand that = G^^_ = 0. Then the strong constraint 
Hr = 0 is equal to 

Hr = -{2na'){pfrdaX^ - G^^lp+fG^^ + 

+ 2{daX>^p^ - C'®p+)G+-Ci'| - ^G-(C'(2))2^ + 


(27ra')X(-G 


++ 


{27ra') 


27ia' 


27ra' 

G+-P+ — G —(p+)^) + Hr 


( 86 ) 


This equation can be solved for and we obtain 

G+- 2 


P+ = 


27ra'G++ 2na'G++ 


VK + p„a,a:'‘Cy , 


(87) 


where 

K = (G'+-)2 - G'++G“ 


{27ra'fG++G_.X{p^daX^^f - {2na')G++Hr , 


( 88 ) 


(83) 
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and where we identified the new backgronnd fields 


p(2) _ CflG** 

* G__X + (C®. )^G++ ’ 

( 5 ++ = -XG__ - , 

G+- = G+.X - {CflyG+- , 
G— = -G—{Gf_f-lLG++. 


( 89 ) 


As in section (j3]) we compare this result with the uniform gauge fixed Dl-brane 
when we consider canonical dual Hamiltonian constraint 

Ur = (27ra )n+G++n+ + 2(2™ )n+G+"n_ + (27ra )n_G“"n_ + 

+ {G++{d„x'^f - A'Ka'G+_d„x'^p^ + (27rQ;')^G__(p^)^) + , 

l-La = p+daX"^ + p^daij + P^daX^ , 

(90) 

where 

n+ = p+ + c®p, , n_ =+ Gi"ia,x+). n,=p,-^cjSa^x-'. 

(91) 


Then we perform the gauge fixing 

x'^ = T ^'il: = a 


(92) 


and we obtain ^ 

n_ =-, = —padcrX^ 

27ia' 

and hence the Hamiltonian constraint is equal to 


0 = Ur = (27ra')n+G++n+ - 2n+G+- + tt^G— + 

zna 

+ (27ra')XG__(p^a„i'‘)" + 'H2 


(93) 


(94) 


that can be solved for p+ as 

- +GUpA-‘‘) 

( 95 ) 
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Now comparing fl95l) with flHTl) we see that these two gauge hxed Hamiltonians 
have the same form when we perform the identihcation of the background helds 
as was given in flH^ . It is important to stress that the transformation rules fl89|) 
coincide with the rules that were derived in im when the double Wick rotation was 
performed on the world-volume of uniform gauge hxed Dl-brane action. We also 
see that X does not transform again with agreement with m- Finally using the 
arguments given in section (jl]) we can argue that (l89|) are in agreement with [9] 
when C\_ = 0. Then we can rewrite fl89l) into the form 


_ (^++ 

^(C(o))2 + e-2$ 

^(C'(o))2 + e-2$ 

1 

^(C'(o))2 + e-2$ 


+ (C'(o))2G'__ , 
G+_-^(C(o))2 + e-2‘J- , 


^(C'(o))2 + e-2^G++ . 


(96) 


We immediately see that these metric components correspond to the S-dual metric 
when we used the equivalence between Dl-brane action and the fundamental string 
action in S-dual background. Hence fl96|) precisely correspond to the rules derived 
in [9] when are applied for the string moving in S-dual background. 

In summary, we have shown that there is a equivalence between sequence of 
canonical transformations and target space Wick rotation on one side and the double 
Wick rotation on the gauge hxed Dl-brane action on the another side. On the other 
hand we also see that the components of the two form held CfiJ that are transverse to 
the directions where the canonical transformations were performed do not transform 
while their change the sign in case of double Wick rotation of the uniform gauge 
hxed Dl-brane action. On the other hand we can argue as in section ([2]) that the 
transformation —?• —maps one solutions of the supergravity equations of 

motion to another one (together with B — —B) and hence we see that there is an 
equivalence between double Wick rotation on the world-volume of uniform gauge 
hxed Dl-brane and sequence of transformations: ’’canonical transformation-target 
space double Wick rotation-canonical transformation-C**-^^ —)■ —C^'^\B —)■ —B). 


Acknowledgement: 

This work was supported by the Grant agency of the Czech republic under the 
grant P201/12/G028. 


References 

[1] G. Arutyunov and S. Frolov, “On String S-matrix, Bound States and TBA,” 
JHEP 0712 (2007) 024 [arXiv:0710.1568 [hep-th]]. 


19 











[2] G. Arutyunov and S. Frolov, “Foundations of the AdS^xS^ Superstring. Part 
I,” J. Phys. A 42 (2009) 254003 [arXiv:0901.4937 [hep-th]]. 

[3] G. Arutyunov and S. Frolov, “String hypothesis for the AdS(5) x S**5 mirror,’’ 
JHEP 0903 (2009) 152 [arXiv:0901.1417 [hep-th]]. 

[4] G. Arutyunov and S. Frolov, “Thermodynamic Bethe Ansatz for the AdS(5) x 
S(5) Mirror Model,” JHEP 0905 (2009) 068 [arXiv:0903.0141 [hep-th]]. 

[5] D. Bombardelli, D. Fioravanti and R. Tateo, “Thermodynamic Bethe Ansatz for 
planar AdS/CFT: A Proposal,” J. Phys. A 42 (2009) 375401 [arXiv:0902.3930 
[hep-th]]. 

[6] N. Gromov, V. Kazakov, A. Kozak and P. Vieira, “Exact Spectrum of Anoma¬ 
lous Dimensions of Planar N = f Supersymmetric Yang-Mills Theory: TBA 
and excited states,” Lett. Math. Phys. 91 (2010) 265 [arXiv:0902.4458 [hep-th]]. 

[7] G. Arutyunov, R. Borsato and S. Frolov, “S-matrix for strings on p-deformed 
AdS^ X JHEP 1404 (2014) 002 [arXiv:1312.3542 [hep-th]]. 

[8] G. Arutyunov, M. de Leeuw and S. J. van Tongeren, “The exact spectrum and 
mirror duality of the (AdS^x 5® superstring,” Theor. Math. Phys. 182 (2015) 
1, 23 [Teor. Mat. Fiz. 182 (2014) 1, 28] [arXiv: 1403.6104 [hep-th]]. 

[9] G. Arutyunov and S. J. van Tongeren, 'AdSs x mirror model as a string 
sigma model,” Phys. Rev. Lett. 113 (2014) 261605 [arXiv: 1406.2304 [hep-th]]. 

[10] G. Arutyunov and S. J. van Tongeren, “Double Wick rotating Green-Schwarz 
strings,” JHEP 1505 (2015) 027 [arXiv:1412.5137 [hep-th]]. 

[11] J. Kluson, “Uniform Gauge for Dl-brane in General Background,” 
arXiv: 1503.08025 [hep-th]. 

[12] E. Alvarez, L. Alvarez-Gaume and Y. Lozano, “A Ganonical approach to duality 
transformations,” Phys. Lett. B 336 (1994) 183 |hep-th/9406206|. 

[13] E. Alvarez, L. Alvarez-Gaume and Y. Lozano, “An Introduction to T duality 
in string theory,” Nucl. Phys. Proc. Suppl. 41 (1995) 1 |hep-th/9410237|. 

[14] T. H. Buscher, “A Symmetry of the String Background Field Eguations, ” Phys. 
Lett. B 194 (1987) 59. 

[15] T. H. Buscher, “Path Integral Derivation of Quantum Duality in Nonlinear 
Sigma Models,” Phys. Lett. B 201 (1988) 466. 

[16] M. Kruczenski and A. A. Tseytlin, “Semiclassical relativistic strings in S**5 
and long coherent operators in N=4 SYM theory, ” JHEP 0409 (2004) 038 
|hep-th/0406189]. 


20 


[17] J. Kluson, “Integrability of Dl-brane on Group Manifold,” JHEP 1409 (2014) 
159 [arXiv: 1407.7665 [hep-th]]. 

[18] A. A. Tseytlin, “Selfduality of Born-Infeld action and Dirichlet three-brane of 
type IIB superstring theory,” Nucl. Phys. B 469 (1996) 51 doi:10.1016/0550- 
3213(96)00173-3 |hep-th/9602064]. 


21 


